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SUMMARY
Reference earth models can be retrieved from either body waves or normal-mode
eigenperiods. However, there is a large discrepancy between different reference earth
models, which arises partly from the type of data set used in their construction and
partly from differences in parametrization. Reference models derived from body-wave
observations do not give access to density, attenuation factor and radial anisotropy.
Conversely, reference models derived from normal modes cannot provide the correct
locations for the depth of seismic discontinuities, nor the associated velocity jump.
Eigenperiods derived from reference models constructed using body-wave data together
with classifical attenuation models differ significantly from the observed eigenperiods.
The body-wave and normal-mode approaches can be reconciled. The V, and Vg
velocities given by body-wave models are considered as constraints, and an inversion
is performed for parameters that cannot be extracted from body waves in the context
of a radially anisotropic model, i.e. the density p, the quality factor Q, and the anisotropy
parameters ¢, ¢ and #. The influence of anelasticity is very large, although insufficient
by itself to reconcile the two types of model. However, by including in the inversion
procedure the density and the three anisotropic parameters, body-wave models can be
brought into complete agreement with eigenperiod data. A number of reference models
derived from body waves were tested and used as starting models: iasp91, sp6, and two
new models ak303 and akl35. A number of robust features can be extracted from the
inversions based on these different models. The quality factor Q, is found to be much
larger in the lower mantle than in previous models (e.g. prem). Anisotropy, in the form
of transverse isotropy with a vertical symmetry axis, is significant in the whole upper
mantle, but very small in the lower mantle except in the lower transition zone (between
the 660 km discontinuity and 1000 km depth) and in the D”-layer. Compared with
prem there is an increase of density in the D”-layer and a decrease in the lower
transition zone. The attenuation estimates have been derived using velocity dispersion
information, but are in agreement with available direct measurements of normal-mode
attenuation. Such attenuation data are still of limited quality, and the present results
emphasize the need for improved attenuation measurements.
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1 INTRODUCTION

Over the last ten years, the main thrust in seismology has
evolved from inversion for spherically symmetric models to
the construction of laterally heterogeneous models, which are
often termed tomographic models. It might therefore be con-
sidered that we have passed beyond a need for inversion for
radial reference earth models. However, tomographic models
are usually derived from a reference model by linearized
inversion schemes based on the use of first-order perturbation
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theory. The quality of the reference model will strongly con-
dition the outcome of inversions for 3-D models. A number of
new reference earth models have been constructed recently
based on either body-wave observations or normal-mode
observations. The two classes of model provide different types
of constraints on earth structure.

Models derived from the body-wave traveltimes reported in
the ISC catalogues have primarily been motivated by the
desire to achieve more reliable earthquake locations and travel-
time tables. Two recent models have been proposed: iasp91
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(Kennett & Engdahl 1991) and sp6 (Morelli & Dziewonski
1993). These two models are similar in general, but differ in
some respects because they are based on different philosophies.
Iasp91 was designed to try to provide an optimum deter-
mination of earthquake location, whereas sp6 was aimed at
the construction of a global average model. Since most seismic
stations are located in continental areas, both models are likely
to be biased towards continental models, with some compen-
sation in the corrections applied to model sp6. Such models
derived from body-wave data can only constrain seismic
velocity, and they do not contain any information on the
density distribution.

The second class of model is derived from normal-mode
eigenfrequencies or a mixture of body-wave and normal-mode
information. Because the first models were derived from an
extensive normal-mode set (1066A, 1066B; Gilbert & Dziewonski
1975), a number of reference earth models have been con-
structed using eigenfrequency data. The most prominent is
probably the prem model of Dziewonski & Anderson (1981),
which used both normal-mode and body-wave data and also
introduced for the first time radial anisotropy in the upper

mantle (ie. transverse isotropy with a vertical symmetry
axis). The inclusion of body-wave information improves the
resolution of P-wave velocities, particularly in the mantle,
because many of the observed normal modes are most sensitive
to S structure. The prem model, however, has a number of
limitations. It includes a large contrast across a discontinuity
at 220 km; subsequent work has suggested that such a feature
is unlikely to be of global extent (see e.g. Revenaugh & Jordan
1991). Some aspects of the normal-mode data are not well
explained (Montagner & Anderson 1989a), for example funda-
mental toroidal modes. The body-wave information employed
in the construction of prem was drawn from a number of
sources, and a variety of baseline and tilt corrections were
applied for the different phases. The traveltimes derived from
the prem model give a good general representation of the
major phases, but the fit to the ISC information is not as good
as that provided by sp6.

Recently, Widmer et al. (1993) proposed a new model, corel I,
which includes radial anisotropy through the whole earth and
includes an attenuation model derived from inversion for the
quality factors of the normal modes. Valette & Lesage (1992)
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Figure 1. Residuals between eigenperiod data T, and calculated eigenperiods T, calculated for the model iasp91 for different branches of spheroidal
(S) and toroidal (T) modes according to the angular order I. The radial order n is in the lower corner of each box. The residual Ty — T, is expressed
in seconds. The error bar on Tj is plotted on the zero-line. A datum can be considered as explained when T, lies within the error bar.
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have shown that it is possible to improve the parametrization
of earth models by including pre-stress in the inversion, based
on the theoretical development by Valette (1986).

The resurgence of interest in reference earth models in recent
years is linked to the need for increased accuracy in the deter-
mination of earthquake locations and the delineation of 3-D
tomographic anomalies.

2 PHILOSOPHY OF INVERSION—IMPORTANCE
OF ANELASTICITY

Most reference earth models were derived for use in some
particular applications, and display shortcomings when used
for other purposes. For instance, iasp9! (Kennett & Engdahl
1991) is probably the most suitable model for earthquake
location and for calculating traveltimes for the great majority
of existing stations, but is biased towards continental structure
(and is based on short-period observations). However, when
the normal-mode eigenperiods are calculated for this kind of
model they are displaced from the observed periods by 1s or
more. Fig. 1 displays the residuals between the eigenperiods
calculated from the iasp91 model and a set of observed eigen-
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periods, which will be described in more detail in the next
section. For each observation, the error bars o, are dis-
played and we can see that there is a large discrepancy between
the calculations T, and the observations 7. To allow a
quantitative comparison, we calculate the L,-measure:

1 Na [Ty —T, 273172

crlET @)
which enables us to test whether the data are explained or not.

The body-wave models are constructed for a characteristic
period around 1 s, whereas the eigenperiods are derived from
measurements at 100 s or longer. So far we have not included
the influence of the intrinsic dispersion of wave velocities
associated with anelasticity, which is generally invoked to
remove the discrepancy between models derived from body-
wave and normal-mode observations. We might therefore
expect that the large residuals displayed for iasp91 in Fig. 1
would be reduced by including the influence of attenuation.
Fig. 2 shows the same comparison of the calculated and
observed eigenperiods as in Fig. 1, but now the prem attenu-
ation model has been added to the iasp9! velocity model and
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Figure 2. Eigenperiod residual display as in Fig. 1, but now attenuation is taken into account, by incorporating the prem model of attenuation

with the iasp91 velocity model in the calculation of eigenperiods.
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the prem density distribution. There is a decrease in x from
67.5 to 26.2 but the discrepancy between observed and calcu-
lated eigenperiods still prevails. It is important to note that
the influence of the attenuation model employed to perform
the dispersion corrections is very strong, and even small
modifications of the attenuation model can induce large vari-
ations in the eigenperiods. The corell model of Widmer et al.
(1993) is a recent reference earth model derived from normal-
mode eigenperiods and attenuation. It is not very different
from the prem model (Dziewonski & Anderson 1981), since it
was derived using a linearized inversion with prem as the
starting model. Corell, however, provides a much improved
fit compared to prem with the attenuation data for normal
modes. Even with the corell attenuation model coupled to
iasp91, the discrepancy between observed and theoretical eigen-
periods persists.

The model corel I is based on long-period observations, and,
if the seismic velocities are used without attenuation corrections
to predict traveltimes, the quality of the traveltime estimates
is rather poor. Once the attenuation corrections are made
to transfer a 200 s model to 1s, the fit to the traveltimes is
improved. However, neither prem nor corell provides a satis-
factory set of traveltimes for short-period body-wave studies.
Kennett, Engdahl & Buland (1996) established a new set of
empirical traveltime tables by relocating the entire ISC cata-
logue using P readings with the iasp9! model. The inferred
hypocentral parameters are then used to estimate the travel-
times for a wide variety of phases from the arrival times in
the ISC bulletins. About 6000 geographically well-distributed
events account for nearly 25 per cent of the ISC readings and
have been used as the base set from which smoothed traveltime
tables and variance estimates have been extracted for a broad
range of mantle and core phases. One measure of the misfit
between the observed traveltimes and the predictions of a
particular model is provided by the sum of the L, norms of
misfit for 18 major phase branches (Kennett et al. 1996). For
iasp91 this measure is 6.6, and is somewhat better at 5.6 for
sp6, which has an improved P-wave velocity in the core. These
misfit levels can be reduced to 4.4 when a multiphase traveltime
inversion is undertaken to produce models ak303 and akl35,
which we will consider later. By comparison, for the normal-
mode models such as prem and corell the traveltime misfit
measures exceeds 15.0 with only a moderate quality of fit for
many phases.

We thus see that there is currently a compatibility problem
between models derived from body-wave or normal-mode
observations, since neither class provides a fully satisfactory
explanation of the other type of data set. In this paper we
therefore propose a scheme to reconcile the two approaches.
Traveltimes are superior to eigenperiods for deriving P- and
S-wavespeed profiles, the location of discontinuities and associ-
ated velocity jumps. By comparison, eigenperiod information
gives access to the quality factor, density and the anisotropic
parameters of an anisotropic earth. The inversion procedure
starts with a body-wave velocity model and then additional
parameters which cannot be found from body-wave traveltimes
are included in the inversion in order to make the model
derived from the procedure compatible with the eigenperiod
data set.

2.1 Data

The set of normal-mode eigenperiods ,7; (n: radial order,
[: angular order) that we have used has been assembled from

a number of sources. The first is the set of eigenperiods used
by Dziewonski & Anderson (1981) to derive the prem model.
This has been supplemented with period data from Roult et al.
(1990). The most complete data set is described by Widmer
(1991) and represents the compilation of measurements from
the La Jolla group which have appeared in Gilbert &
Dziewonski (1975), Ritzwoller, Masters & Gilbert (1986, 1988)
and Smith & Masters (1989).

Comparison of the data sets reveals some eigenperiods for
which the discrepancies between different sets exceed the
assigned errors. In this case, the datum is either excluded or
the error estimate is increased following the procedure
described in Montagner & Anderson (1989b). The modes that
have been selected are mostly sensitive to mantle structure.
This investigation has not been directed towards retrieval of
core structure, but the procedure we use can readily be
extended into the core.

530 selected eigenperiods constitute our data space d. The
data are assumed to be independent, so the data covariance
matrix Cy is supposed to be diagonal: C;,, = g;0;0;;. It would
have been possible to add to the eigenperiod data the set of
available attenuation data measured or compiled by Widmer
(1991). We have chosen to make an a posteriori comparison
between the quality factors for the normal-mode data and
those derived from the inversion procedure. There are two
reasons for this: first, Widmer (1991) has demonstrated that
the resolution of attenuation data is weak; and second, the
uncertainty in the measurement of attenuation coefficients is
very large and there may be a systematic bias introduced by the
broadening of normal-mode peaks due to lateral heterogeneity
within the earth.

2.2 Theoretical background

We assume that the earth is spherically symmetric and can be
modelled as a radially anisotropic medium, i.e. a transversely
isotropic medium with a vertical symmetry axis. Such a medium
can be described using six functions of radius r; these are the
density p, the wavespeeds Vpy = [A4/p]"%, Vg = [L/p]"% and
the anisotropic parameters &= N/L, ¢ = C/A, n=F/(A—-2L),
where A, C, F, L, N are the five elastic moduli needed to
describe the transversely isotropic medium. In the case of
isotropy, Vpy and Vs, are the P and S wavespeeds and the
anisotropic parameters &, ¢ and n are unity. We also have to
take into account the anelasticity of the earth; the available
data do not warrant a more complex parametrization than an
isotropic representation in terms of the quality factor for the
bulk modulus, Q,, and for the shear modulus, Q,. Such a
parametrization has been employed in most of the recent
reference earth models derived from eigenfrequency data
(Dziewonski & Anderson 1981; Montagner & Anderson 1989b;
Widmer 1991). We did not attempt to invert for Q,, which is
known to be poorly resolved. To a first approximation, Q!
is very close to zero except in the core.

The parameter set p(r) thus consists of p(r), Vey(r), Vsy(r),
&r), ¢(r), n(r) and Q,(r). Using first-order perturbation theory,
we can determine the perturbation of the eigenperiod 4§, T,
induced by small changes in the parameters dp(r) by

. w e (0,71, dr
6. T = op(r)— 2.
n 1 i; J;:o ( . > I’.(’)Ah» (22)
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How to reconcile reference earth models 233

where a is the radius of the earth and Ah is a normalization S wavespeeds:
factor. The partial derivatives 0,7;/0p; can be compuied by o it o iy
variational procedures, and suitable expressions are given by Ve=0=Vpo(1+i0s "), Vs=F=Vsoll +iQ;"). (23)
Takeuchi & Saito (1972) and Dziewonski & Anderson (1981). It should be noted that there is sometimes some confusion
We introduce anelasticity via a complex part of the P and between Q; ' and Q. '. We also have to account for the
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influence of attenuation on the eigenperiods ,7;, and have (1977) so that

adopted the simple approximation that Q, is constant over 0t T

the whole seismic band (1-3000s). We may then account for CGr(T)= CR(To)(l +—In ?> ) (2.4)
the frequency dispersion by using the theory developed by Liu, n

Anderson & Kanamori (1976) and Kanamori & Anderson where Cg(T) is the phase velocity of Rayleigh waves for period
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Figure 4. (Continued.)

T and T; is a reference period which we will take to be 1 s for where

the body-wave models.

For an isotropic medium the attenuation of Cx(T) is 20:* 2L 3Gk . 8L/ A I (29)
30;' Cq 0L 3 A\Cr 84 ) '

o el B 0CR> 1
T)= Lok
& (D) jr-o ((CR op T,er )

o ), 00 ) (25)

where a, f are the P and S wavespeeds. When the attenuation
in bulk is negligible throughout the mantle, 07 * and Q5 * are
related by

4BV oo
Qa —3<d) Qﬁ 1’ (26)

and from eq. (2.4)

9Cr _GM), T
= n:.
00x n T

(2.7)

Based on the work of Takeuchi & Saito (1972) and Lee &
Solomon (1979), Bussy et al. (1993) have showed that the
partial derivative of Cy with respect to Q; * for a given period
T and radius r can be expressed as

0Cx  0Cy 3Qg"
207" 00z ' 0Qs Y

(2.8)

© 1996 RAS, GJI 125, 229-248

L and A are the elastic moduli associated with Vg, and Vpy.
The relation (2.9) is strictly valid for an isotropic medium
for which L=y and A4 =1+ 2y, but the extension to radial
anisotropy is straightforward (Dziewonski & Anderson 1981).
However, we do not have sufficient resolution in the data to
distinguish between Q7 ' and Q3* or between Q5! and Q¢ .

aCx 2 T,[ L 0Cx 4L/ A aC

2 2wy Tof L 0Cy ALMA 0G| (2.10)
;Y m T Cr 0L 3 A\CR 94
Now

1 ac 1 or
= — s, (2.11)
Cr 9Q; T 80,
so that for spheroidal modes

T 1, Ty 0T 4 0T

=>In={L—+-L—|. 2.12

20, nlnT< aL 3 6A> (212)

A comparable set of equations can be found for Love waves
(or toroidal modes).
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2.3 The inverse problem

In any inverse problem the choice of parametrization is very
important. As discussed above we work with a parameter
space of seven physical quantities: p, Q,", Vpy, Vg, &, &, 1
defining a radially anisotropic medium as a function of radius
r. Within the mantle we have adopted a polynomial represen-
tation of the physical parameters over six depth ranges:
18-220 km (lithosphere—low-velocity zone), 220-410 km,
410-660 km (upper transition zone), 660-1000km (lower
transition zone), 1000-2680 km (lower mantle), 2680-2890 km
(D"-layer). Continuity of the parameters is forced at 220 km
and 1000 km to avoid the introduction of discontinuities at
those depths. In addition, the density distribution is required
to be compatible with the mass and moment of inertia of the
earth, which imposes two integral constraints on density p (see
Appendix A).

In each layer H, lying between ry,, and ry, the physical
parameters P¥(r) are expanded up to cubic polynomials:

2 3
r—ry F—ry r—ry
A, >+172i< A, > ,:'*‘Pm'( Ay > },

P?(’)zl’oi ‘+‘P1i<

not included in all layers but only where continuity conditions
are applied at one interface, which is the case at 220 km and
1000 km depths. The presence of the higher-order polynomial
is justified in the first layer, where rapid variations in param-
eters can take place, and also in the lower mantle, which is by
far the thickest layer and for which more degrees of freedom
are desirable. The implementation of the continuity conditions
is described in Appendix B, and with the imposition of these
conditions we have the same number of free coefficients in each
layer, which is very convenient for practical implementation.
The number of discrete parameters is equal to the product
of six layers by seven physical parameters by three polynomial
coefficients. When we allow for the two integral conditions on
density we have 124 independent parameters. The approach is
similar to that employed by Montagner & Anderson (1989b)
but has been extended to greater depths with a generalization
of the parametrization. The present inversion has been confined
to the mantle, since the largest differences between body-wave
and normal-mode models occur in this region. The procedure
could easily be extended to include core structure in future
work. With the polynomial representation of the physical
parameters, the perturbations in the eigenperiod 6, T; due to

(2.13) parameter changes can be represented explicitly as

where ry is a referen‘ce radius within the layer. H, anFi 5.7 = i k=ZNH nz,, pj{ijr:rk,“p (M)(r—rykfﬂ’ 14)
Ay =y — Fine 18 the thickness of the layer. The cubic term is i=1 k=1 j=1 ren, P, Ay, ) Ah
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Figure 5. Eigenperiod residual display, as in Fig. 1, for ak135-Q after inversion for attenuation and density.

© 1996 RAS, GJI 125, 229-248

¥20¢ JoquanoN 0z uo }senb Aq 920€0./622/1/SZ 1 /2191e/B/woo dno-olwspese;/:sdjy Wwody papeojumoq



How to reconcile reference earth models 237

Qu Qu
g =
= ] ! | I 1 R
500. 1000. 1500. 2000. 2500.

.
e
0o

& i © " —§
- . < I

t%_f ---------------------------------------- 5? ’_%
= —

== SP6-AQ
s | s AK303-AQ s
= . AK135-AQ =

.+ IASP-AQ

o5 PREM

i [ [ |
500. 1000. 1500. 2000. 2500. Depth

Figure 6. Attenuation models, @, for inversions where attenuation, density and the anisotropic parameters £, ¢ and 5 are allowed to vary.

where Ny is the number of depth ranges and ny is the number
of polynomial coefficients in layer H,.

We can express the forward problem of calculating the
eigenperiods for a given set of parameters in a formal way as

d=g(P), (2.15)

where g is a non-linear functional of the parameters P. In this
formulation we can use the algorithm of Tarantola & Valette
(1982) to generate an improved parameter estimate Py from
an initial parameter distribution P,:

P;—P,=(G'C4'G+C,!)"'G'C;'[d —g(P)+ G(P —P)].
(2.16)

Here C4 is the data covariance matrix, C, the covariance
matrix for the parameters P, and the kernels G are given in
Takeuchi & Saito (1972) and Dziewonski & Anderson (1981).

The parameter covariance function C, between parameters
p; and p, at radii r; and r; is defined as

ri—r; \?

Cov,, ,.(ri,r))=0, 0, Cor, , exp— (ﬁ) , (2.17)
where Cor, ,. is the correlation between the physical param-
eters p, and p,, inferred for example from petrological models
(Montagner & Anderson 1989a), and L, , L,, are radial corre-
lation lengths which enable us to smooth the model produced
in the inversion. The linearized resolution matrix R can be
derived from (2.16) as

R=(G'C;'G+C,") 'G"C,'G. (2.18)

For our class of slightly non-linear problems we apply the
Tarantola & Valette algorithm (2.16) in an iterative manner
to improve the match to the observed eigenperiods.

© 1996 RAS, GJI 125, 229-248

2.4 Initial models

A number of different reference models for seismic wavespeeds
derived from body-wave observations have been used as
starting models for the inversion.

In addition to iasp9! (Kennett & Engdhal 1991) and sp6
(Morelli & Dziewonski 1993) two new models, ak303 and
akl35 (Kennett et al. 1996), are used. These new volocity
models have been constructed to provide an improved fit to
smoothed empirical traveltimes for a wide variety of phases.
These empirical times were derived from the ISC arrival-time
catalogue after event relocation using P readings with the
iasp91 model (Kennett et al. 1996). This process has revealed
some limitations in the earlier models, notably in the consist-
ency of P- and S-wave times. The iasp9] model has a 1s
baseline shift for S, which is reduced to 0.5s for sp6 and
reduced to less than 0.1s for ak303 and akI35. Since the
normal-mode periods are very sensitive to the S-wavespeed
distribution, we can anticipate some differences in the character
of the inversions for the different starting models.

Each of the body-wave models has an associated continental
crust, and a modest adjustment was made to include a globally
averaged crustal model before the inversion process for the
eigenperiod data was begun.

3 RESULTS OF THE INVERSION
EXPERIMENTS

3.1 Inversion for Q,and p

In this first experiment we attempt to match the eigenfrequency
data set by only inverting for @, and p. The velocity
distributions V; and V5 are fixed and the anisotropic parameters
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Figure 7. Density models. (a) Absolute values, (b) dp in inversion for attenuation, density and anisotropic parameters.

¢, ¢,n are all set equal to unity. The results of the inversions The attenuation results are shown in Fig. 3 and irrespective
are displayed in Figs 3 and 4. In the upper panel of each of of the starting model there is an increase in @, in the lower
these figures we display the starting models and in the lower mantle, but there is considerable variability in the detailed
panels the outcome of the inversion. distribution, particularly with respect to the gradients of Q,,.
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We can conclude that Q, needs to be increased in the lower
mantle from the prem value, but that its variation with depth
is poorly constrained. In the upper mantle between 80 km (the
base of the lithosphere) and 660 km, perturbations in Q, away
from the starting model are quite small. However, in the
lithosphere itself, Q, ranges from 300 to 600 depending on the

How to reconcile reference earth models 239

velocity model and is evidently weakly constrained by the
eigenperiod data.

The density results are displayed in Fig. 4. The perturbations
of p are shown in Fig. 4(b) and are large in the upper mantle,
the lower transition zone and the base of the lower mantle
(D"-layer). The large negative gradient in density in the first

oo PREM
., IASP-AQ

e AK135-AQ
S AK303-AQ

0.?8 0.?0 O.FZ 0.?4 Ol% 0?8 1.?0 1.(12 1,?4 1.?6 1.18 1.]10 1.1]2 114 vy

(a)

500. 1000.

1500. 2000.

!
2s00. Depth

- PREM

. IASP-AQ

ey AK135-AQ

e AK303-AQ
. . SP6-AQ

O.FB 0?0 0.?2 0.?4 OﬁOFB l.FO 1.(12 1.({4 1.(16 l.lTS 1%0 1.]|2 114 o

(b)

l |

500. 1000.

1500. 2000.

| [

I
2500. Depth

Figure 8. Anisotropic parameters inversion for Q,, p, £, ¢ and #. (a) £, the S-wave anisotropy; (b) ¢, the P-wave anisotropy; (c) anisotropic

parameter .
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Figure 9. Eigenperiod residual display as in Fig. 1, for ak135-AQ after inversion for Q,, p, &, ¢ and #.
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220 km is probably induced by the absence of a low-velocity
zone in the starting models. Montagner & Anderson (1989b) 1/opn op
have shown that a low-velocity zone makes it easier to explain < _>
normal modes that are sensitive to the upper mantle. Since we
have assumed Vs to be fixed,
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Figure 10. Free inversion for all seven parameters Q,, p, &, ¢, , V5 and Vg0 Q, attenuation models.

241

(3.1)

dp

Z —o-o. PREM
o —— IASP-F
- AK135-F
ST s AK303-F
<o

N———4

=]

G

o

«

&

-A.4 -A.3 -$.2 -$.1 | 0}1 (0).'2 0!3 0!4 0!5 0.6

l I l l
500. 1000. 1500. 2000.

Figure 11. Free inverston for all seven parameters: density perturbations from starting models.

© 1996 RAS, GJI 125, 229-248

!
2500. Depth

¥20¢ JoquanoN 0z uo }senb Aq 920€0./622/1/SZ 1 /2191e/B/woo dno-olwspese;/:sdjy Wwody papeojumoq



O.FS 0J90 0.?2 O.EL 0.?6 0.?8 1.?0 1.(12 1.(?4 1(161(?8 1.110 1.112 1.14 gy

e PREM
—+y JASP-F

(a)

500.

l
1000. 1500. 2000. 2500. Depth

94 O.?G 0.?8 1.00 1.(?2 1.(14 1j6 1.({8 1.]|(] 1.ﬂ2 114 o

O.FB O.?O 0.?2 0. *

oo PREM
_+ IASP-F
vy AK135-F
—x AK303-F

(b)

500.

T I ] [
1000. 1500. 2000. 2500. Depth

Figure 12. Anisotropic parameter after inversion for all seven parameters. (a) £, the S-wave anisotropy; (b) ¢, the P-wave anisotropy; (c) anisotropic

parameter 1.

© 1996 RAS, GJI 125, 229-248

¥20¢ JoquanoN 0z uo }senb Aq 920€0./622/1/SZ 1 /2191e/B/woo dno-olwspese;/:sdjy Wwody papeojumoq



How to reconcile reference earth models 243

—oe PREM
—+ IASP-F
v AK135-F

O.?S 0.?0 0.92 O.J94 gf6 0.?8 1.00 1.(12 1.(14 1.(}{6 1.(18 l.]]O 1.1[2 114 =

mnnmhnnanﬁnc\
oG

(©)

500. 1000.
Figure 12. (Continued.)

equivalent dp. Therefore, the reversed gradient of density in
the upper 220 km might be an artefact of our models.

For the other depth ranges, however, we can be more
confident that the velocity models are close to a global average
and so the density results can be interpreted directly. A robust
feature of the inversions is an increase in the density jump at
the 410 km discontinuity, and a slight decrease in the jump at
the 660 km discontinuity accompanied by lowered densities
in the lower transition zone (660-1000 km). In this zone, the
density gradient is no longer consistent with the Adams-
Williamson equation for a self-compressed model, and this
suggests important mineralogical variations in this depth range.
There is also a tendency for increased density compared with
the starting models for D, reflecting the complexity of this layer.

After these inversions, most of the discrepancy between
observed and calculated eigenperiods has been removed, but
even so many eigenperiods are not satisfactorily explained and
the misfit y is of the order of 3-4 for all the final models. Fig. 5
shows the eigenperiod residuals for akl35-Q. There is some
offset for the fundamental spheroidal modes associated with
shallow structure, and significant discrepancies for higher-order
toroidal modes, which is not surprising since it is well known
that some amount of anisotropy is necessary to explain both
spheroidal and toroidal modes simultaneously.

3.2 Inversion for Q,, p and anisotropic parameters

In this second experiment we release the constraints on ¢, ¢
and 7. The starting models used were those derived in the

© 1996 RAS, GJI 125, 229-248
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previous experiment. An alternative inversion was performed
using the original starting models (iasp91, aki35, ak303, sp6)
but this made little difference to the final models. All pertur-
bations are displayed with respect to these starting models.
The attenuation and density models are only slightly affected
by allowing radial anisotropy. For @, (Fig. 6), there is an
improved consistency between the different inversions in the
lower mantle, with an average value around 360, but still a
broad span in the lower transition zone. In the uppermost
mantle, there is now less variability between models with Q,
in the range 300-500. The density variations (Figs 7a, b) are
quite similar to the previous results in Fig. 4, except that the
decrease in density in the lower transition zone is rather weaker
and there is only a slight decrease in the density jump at
660 km for most of the models. Once again, all the inversions
show a significant increase in density from prem in the D”-layer.
The three classes of anisotropic parameters determined from
the eigenperiod inversions are plotted in Fig. 8. The most
striking feature is the difference between the upper mantle and
the lower mantle. In the upper mantle, the three anisotropic
parameters differ significantly from the isotropic value of unity
and display a succession of large gradients. The difference
between the inverse gradient of radial anisotropy in the first
220 km and that for prem is striking. Radial anisotropy is large
(several per cent) in these models not only in the top 220 km
but also in the upper transition zone. The reversed anisotropy
between 220 and 410 km suggests that flow in this depth range
is primarily radial as compared with that in the uppermost
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mantle and upper transition zone where horizontal motion
explains the style of anisotropy.

An important result is that the anisotropy in the bulk of the
lower mantle is very small, as was also found for the corell
model of Widmer (1991). There is some indication of radial
anisotropy in the lower transition zone, but with an amplitude
smaller than in the upper mantle. The behaviour in the D"-layer
is more complex, with small S-wave anisotropy (Fig. 8a) but
larger P-wave and # anisotropies (Figs 8b and 8c). This kind
of behaviour is difficult to explain with petrological models,
and a new mechanism might be needed to explain this style of
anisotropy. However, we cannot rule out a possible trade-off
between the anisotropic parameters and the seismic velocities
due to the limitations of the starting models. It is interesting
to note that model sp6 with the strongest velocity gradients in
D" leads to the largest n anisotropy.

The residuals for the eigenperiod data are displayed in Fig. 9
for the radially anisotropic model derived from akI35 with
the inclusion of Q. This model provides a good fit to body-
wave information and also gives a satisfactory match to most
eigenperiods, with a misfit measure y of the order of 2. Similar
results are obtained for the other starting models. Compared
with Fig. 5, which displays the eigenperiod residuals without
inclusion of anisotropy, we note that the residuals in Fig. 9 for
the fundamental spheroidal modes (,S) and first-order toroidal
modes (; T') are reduced, but the fit to the fundamental toroidal
modes (,T) has actually become worse.

p Vs

3.3 Inversion for the whole set of parameters

In this last inversion experiment all seven parameters are
allowed to vary, so that we relax the constraints on V, and
Vs. A number of differences can be noticed compared with the
previous results; in particular, the amplitude of the pertur-
bations is somewhat smaller. The absolute values of @, (Fig. 10)
are mostly lower than in the previous cases, but even so Q,, is
significantly larger than in the prem or corell models. The
perturbations in density p (Fig. 11) are very similar to the
previous cases, with a small gradient in density in the upper
transition zone, a slight decrease in density from the original
models in the lower transition zone, and an increase in the
D" layer.

The most important changes occur for the anisotropic param-
eters (Fig. 12a—¢). Once all the parameters are allowed to vary,
all the anisotropic parameters display the same general character
as prem and corel ] in the uppermost 210 km. There is clearly a
significant trade-off between the anisotropic parameters and the
S and P wavespeeds. Radial anisotropy is still present in the
upper transition zone, but compared with the previous inver-
sions there is a different gradient and a smaller amplitude.
However, the low level of radial anisotropy in the bulk of the
lower mantle, and the significant anisotropy in the lower trans-
ition zone and D” are robust features of all the inversions.

The velocity and density profiles produced from the different
starting models are generally consistent except in the upper
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Figure 13. Free inversion for all seven parameters: velocity and density profiles.
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transition zone and D” (Fig. 13). The inclusion of the extra
degrees of freedom markedly improves the level of fit between
observed and computed eigenperiods, and the final models
have a misfit y close to 1. The residuals of the eigenperiods
for model akl35-f, obtained from an inversion with ak135 and
the premQ model as a starting point, are displayed in Fig. 14.
The majority of the eigenperiods are now fit to within their
standard errors and the fits to the toroidal-mode eigen-
frequencies are markedly improved. However, we have
adjusted the V5 and V, profiles and so have modified the
traveltimes for the models. Although we have reduced the
eigenperiod misfit significantly, we have produced the
opposite effect on the traveltimes, and now, for example,
the traveltime misfit measure for the 18 major phase branches
for akl35-f is over 12 compared with 4.4 for the original
model akl35.

4 DISCUSSION

4.1 Robust features of the inverse models

The range of experiments reported in the previous sections
enables us to display a number of robust features of the inverse
models with respect to attenuation, density and radial anisotropy.

The influence of the attenuation profile is very large, but,
unfortunately, the currently available data do not provide
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strong constraints. The @, models have been derived from the
dispersive properties of seismic velocities rather than directly
from attenuation data. Nevertheless, as we shall see in the next
secticn, our models are in agreement with the normal-mode
attenuation data reported by Okal & Jo (1990) and Widmer
(1991). The most robust feature of the attenuation profiles is
a significant increase in Q, relative to the prem or corell
models, with values above 400 for most of the lower mantle,
except D”. Our inversions also favour lower Q than for prem
in the lithosphere, with Q, between 400 and 500.

The density results indicate clear trends in perturbations
from the prem base model. There is a need for an increase
in density in D", a decrease in the lower transition zone
(660—1000 km depth), an increase in the density jump at the
410 km discontinuity, and a slight decrease in the density jump
at the 660 km discontinuity. These variations in density may
be indicative of radial inhomogeneity in composition, both in
the transition zone and in the D"-layer.

Radial anisotropy is not required in most of the lower
mantle except in the boundary layers (lower transition zone
and D”). In no case was the deviation of the anisotropic
parameters from unity significant. However, radial anisotropy
was quite large in the top 220 km, but the gradients were
poorly constrained. If such radial anisotropy is present in the
upper and lower transition zones it is much smaller than in
the uppermost layer. The anisotropy in D" is of a very different
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Figure 14. Eigenperiod residual display as in Fig. 1, for ak135-f after inversion for all seven parameters.
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nature: it is small for Vs but large in V; and #, which suggests
that a special mechanism needs to be found, possibly by some
coupling with the core.

4.2 Comparison with attenuation data

The inverse models we have constructed can be used to
calculate the attenuation of normal modes for comparison
with the available normal-mode attenuation data. Widmer
(1991) has made a compilation of such attenuation results;
most of this data set is composed of quality factors for
fundamental modes, so it is not surprising that resolution in
the lower mantle is poor. However, he omitted some overtone
data obtained by Okal & Jo (1990). Moreover, the errors
associated with measurements of normal-mode Q are very
large, because it is difficult to unravel from amplitude measure-
ments the competing influences of physical attenuation and
lateral heterogeneity (which produces focusing and defocusing
as well as scattering).

We have therefore compared the ,Q, estimates for the model
corell with our calculated values (see Fig.15). An error
estimate of 10 per cent was assigned to each Q value; this
probably represents an overestimate for the fundamental modes
and an underestimate for the other modes. However, these
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error bars give a rough indication of what we can expect and
allow a rapid comparison between two models. We find that,
although the Q models are quite different, the residuals between
the ,Q, estimates are rather small, and mostly smaller than the
assigned error bars. Our approach for retrieving Q,, although
somewhat artificial and indirect, turns out to be consistent with
the data. Therefore, we conclude that our models do not display
abnormal normal-mode quality factors, despite high values of
Q, in the lower mantle. Our results are in complete agreement
with previous results by Okal & Jo (1990) concerning Q, in
the lower mantle.

We have made a number of assumptions in the attenuation
study that need to be examined more closely. First, we did not
try to invert for Q,, which was assumed to be infinite, and
second we assumed that @, is independent of frequency. Both
of these hypotheses are probably wrong, but currently there
are no data available to reveal their shortcomings. It is highly
desirable that improved data acquisition be carried out for
attenuation studies so that greater insight can be gained into
the attenuation processes of seismic waves and normal modes.

5 CONCLUSIONS

We have been able to demonstrate that we can achieve a
reconciliation between models derived from high-frequency
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Figure 15. Residuals for modal attenuation factors ,Q, for the models corel I and akl35-f.
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body-wave and normal-mode data by including the dispersive
influence of attenuation and a density model. The attenuation
and density profiles show some differences from those models
derived directly from normal-mode observations, with enhanced
Q, in the lower mantle and some adjustment in the densities
through the transition zone and D"-layer.

The fit between the estimated observed normal-mode eigen-
periods can be improved somewhat by allowing radial ani-
sotropy in the model (i.e. transverse isotropy with a vertical
symmetry axis). The extra degrees of freedom improve the
compatibility between spheroidal and toroidal modes, whilst
retaining a good representation of body-wave information.
The radial anisotropy is most significant in the shallower parts
of the model and is not needed in the bulk of the lower mantle.

A very close fit can be obtained to the eigenperiod data by
releasing the constraints on the Vp and ¥ distributions pre-
viously imposed from the body-wave work and then performing
a seven-parameter inversion. Once again, radial anisotropy is
most significant in the shallower part of the model but the
character is modified by trade-offs between the anisotropic
parameters and velocity. However, the improved fit to the
eigenperiods is achieved at the expense of a degradation of the
representation of the traveltimes for major body-wave phases.
The final models from these unconstrained inversions barely
represent an adequate fit to the traveltimes and are nowhere
near as good as the best of the original models.

We can therefore come very close to a reconciliation of
models which represent the body-wave and normal-mode
observations, using density and attenuation. We have to recog-
nize that the optimum models for each class differ. However,
the differences are very small except in the upper mantle.

Neither the global observations of normal modes, nor the
continental biased observations of seismic arrival times provide
an adequate basis for the representation of the outer layers of
the Earth, which display the largest amounts of lateral hetero-
geneity. Normal-mode data will represent a combination of
structures beneath oceanic and continental regions with a very
different sampling from that with traveltime data. In any global
model, there will therefore be some degree of artificiality in
the shallow structure, and additional parameters such as radial
anisotropy can help to reconcile the problems induced by
lateral heterogeneity.
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APPENDIX A: HOW TO TAKE ACCOUNT
OF THE MASS AND INERTIA
CONDITIONS?

The mass of the Earth M and its moment of inertia I are
relatively well known.

M= J dnpridr = 5974 x 10* kg, (A1)

0
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and

a
I= j gnpr“ dr=0.3308Ma?. (A2)
o

Any perturbation in p must conserve M and I. In order to
ensure these constraints, a variety of solutions can be proposed.
First of all, we can consider M and I as additional data. This
solution is easy to implement, but has the disadvantage of
mixing two different varieties of data and destroying the
homogeneity of the data set (by mixing apples and pears). A
second solution is to try to take account of these conditions
directly, which makes it possible to decrease the number of
independent parameters. As in Appendix B, we consider only
two layers.

b b b
dM = J dnr?drp, + J dnrix, (r)drp, + f Anr?x? drp,

0 0 0

a

+ J dnridrp, + J Anr?x,(r)drps + J 4nr?x2 drps,
b b b

(A3)
which can be rewritten as
dM = Z Mipi’ (A4)

i=1
and in the same way we can represent the variation of the
moment of inertia as

di =73 Ip,. (A5)

We can also write the perturbation of ,7; in a comparable
form:

d, 1= Z Gipi' (A6)
i=1

We can, for instance, decide to eliminate parameters p; and
p». First, let us consider the mass condition:

n, __Mi
dM=0=p, = Z-Ai_pi’ (AT)
i=2 1

and we can modify the expression for the perturbation of ,T;
to

n, M
d, =73 <G 4+ G —=— >p, {A8)
i=2 M,

An interesting consequence of this expression is that it is also
valid for i=1. Therefore, with only a single condition, it is
only necessary to modify the kernels of the different parameters
by adding an additional term G, — M,/M .

Let us now consider the second constraint on the moment
of inertia, in order to get rid of p,.

n

"

dT=Y Gip (A9)
i=2
4 w I M, I, M,
; i;i WL R (A10)

£
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—

1\71

3.7 (All)
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EI il
'~<1 '~<l

~N

This equation is again valid for i=1. We can use this last
expression on the ,T; and finally we obtain

" e LM, -1 M,
d, T = G'i i+G,|: — e = i:l. (A12)
PR A PR NV A

i#2
After some straightforward calculations, an expression is found
in which the summation can be performed from 1 to n,:

TN, —1,M,
T 4T,
" 2<11M2—12M1>>”' (A13)

All these expressions are easy to program and therefore can
be incorporated in the inversion code.

APPENDIX B: CONTINUITY OF
PARAMETERS AT AN INTERFACE
BETWEEN TWO LAYERS

Let us assume that the Earth is composed of two layers, the
first lying between radii 0 and b and the second between b and
a, so that the radius b is the boundary between the two layers.
Let us assume as well that §,7; is only dependent upon one
physical parameter with perturbation in layer 1, 6P,(r) and in
layer 2, 6P,(r). We expand these perturbations in polynomials
up to degree two:

5P1(")=P1+X1I’2+X%I73, 5P2(")=P4+X2P5+X§p5»
(BD)

where x, = (r —ry, }/AH,, ry, is the reference radius in layer
Hy and AH,=n, —71i is the thickness of the layer H
between radii r,, and r,, . The eigenperiod perturbation is

01= | rop -ty " rop, - B2)
n il — R 1AH1 , ZAHZ' (

By expressing the continuity condition at r =5 we obtain

P+ X1Py+ Xips = Pa+ X2ps + X3P (B3)

If we now impose x;(b)= x,(b) =0, which is equivalent to
taking ry, =Ry, =b we obtain the very simple condition
p1=p4. Therefore, this kind of continuity condition is very
easy to handle, by choosing the reference depth in each layer
as the interface between the two layers. The inverse problem
can then be reformulated as

5, T, JaR*dr + rR r + JbR dr
ndi =P P X 14 X
1 1 ., AH, 2 ) IAHl 3 1AH1

fﬂR dr f”ﬁz dr (B4)
X x .
, 2AH2 + De , ZAHZ
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